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Alternating sign matrix ,
(1) alternating $\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}$ matrix
(2) alternating sign matrix (2- )
, .
\S 1. Alternating Sign Matrix.
W. Mills-D. Robbins-H. Rumsey , [MRRI], [RR] ,
,
alternating sign matrix .
1.1. $n\cross n$ $A=(a_{ij})_{1\leq i}\leq n,1\leq j\leq n$ , , alternating
sign matirx .
(A1) $a_{ij}\in\{1,0, -1\}$
(A2) $i,$ $j$ , $\sum_{k=1}^{j}.aik=0$ 1.
(A3) $i,$ $j$ , $\sum_{k=1}^{\iota}a_{k}j=0$ 1.
(A4) $i,$ $j$ , $\sum_{k=1}^{n}a_{kj}=\sum^{n}l=1il=a1$ .
$n$ alternating sign matrix .
(A1), (A4) , (A2), (A3) ,
(A2’) $A$ , $0$ , 1 $-1$ $1,$ $-1,1,$ $\cdots,$ $-1,1$ .
(A3’) $A$ , $0$ , 1 $-1$ $1,$ $-1,1,$ $\cdots,$ $-1,1$ .
.
$n$ ( ) $6_{n}$ , $-1$
alternating sign matrix ,
$6_{n}\subset A_{n}$ .
, $A_{1}=\mathfrak{S}_{1},$ $A2=\mathfrak{S}2$ ,
$A_{3}=\mathfrak{S}_{3}\cup\{\}$ .
Milk-Robbins-Rumnsey 1 , ,
, , D. Zeilberger, G. Kuperberg .
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1.2. $[\mathrm{Z}, \mathrm{K}]$
$\# A_{n}=\prod_{k=0}^{1}\frac{(3k+1)!}{(n+k)!}n-$ .
\S 2 , Kuperberg .
8 2 $D_{8}$ , $n$ .
, alternating sign matrix (A1), (A2’), (A3’), (A4) , $D_{8}$
. , $D_{8}$ $H$ , H- alternating
sign matrix $A_{n}^{H}$ . Alternating $\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}$ matrix $A$ ,
$S(A)=\{(i,j) : a_{i}j=-1\}$
. $A$ $H$- , $S(A)$ $H$ , H-
$\#(S(A)/H)$ . ,
$A_{n}^{H}(x)= \sum_{A\in An}x^{\#^{s(A}})/H$
. \S 3 , $D_{8}$ $H$ $A_{n}^{H}(2)$
. .
\S 2. Alternating sign matrix $\mathrm{g}6$ vertex model.
Kuperberg [K] , isotropic 6-vertex model , alternating
sign matrix 12 . ,
.
, $n$ $n$ $S_{n}$ .







,. EIJ $\sigma$ , $n^{2}$
.
, $n$ $A$ .
21. $\sigma\mapsto A$ $C_{n}$ .
, . Alternating sign matrix $A\in$
$A_{n}$ , $(n+1)$ $A^{*}=(a_{ij}^{*})_{\mathit{0}}\leq i,j\leq n$
$a_{ij}^{*}=i+j-2-2 \sum_{\leq 1k\leq i}\sum_{\leq 1\leq\iota j}ak\iota$
. , $A^{*}$ , $S_{n}$ ,
.
(1) $a_{i,j}^{*}>a_{i,j+1}^{*}$ , $\downarrow$ .
(2) $a_{i,j}^{*}<a_{i,j+1}^{*}$ , $\uparrow$ .
(3) $a_{i,j}^{*}>a_{i+1,j}^{*}$ , $arrow$ .










. , $i$ , $j$ xi–yj
$W(\sigma)$ . ,
. ,








, $Z_{n}$ , A. Izergin-V. Korepin .
2.3. [KBI]
$.Z_{n}(x_{1}..’\cdots,x_{n};y_{1}, \cdots,y_{n})$




, 12 , $q=e^{4\pi\sqrt{-1}/3}$ Zn( ... , $\frac{1}{2};0,$ $\cdots,$ $0$ )
. , 23 , $x_{1}= \cdots=x_{n}=\frac{1}{2}$ ,




$\frac{1}{2}+n\epsilon;0,$ $-6,$ $-26,$ $\cdots,$ $-(n-1)\mathcal{E})$
. , $x_{i}= \frac{1}{2}+i\epsilon,$ $y_{i}=-(i-1)\epsilon$
$\det(\frac{1}{[x_{i}-yj][xi-yj-1]})_{1\leq i,j\leq n}=\det(\frac{-3}{S^{i+j1}-+1+S^{-i-j1}+})$





, Zeilberger [Z] $\langle$ . $c_{ij}$
$\mathrm{c}_{1,1}$ $c_{1,2}$ $c_{1,n-1}$ $c_{1,n}$




$1\leq c_{i,j}\leq j$ , $c_{i,j}\leq Ci,j+1$ , $c_{i,j}\geq Ci+1,j$
$n$-Magog triangle , . ,
$\# B_{n}=$ $\mathrm{C}\mathrm{T}\{\frac{\prod_{i=1}^{n}(1-2x_{i})\prod_{1\leq ij\leq}<n(xj-X_{i})(x_{j}+x_{i}-1)}{\prod^{n}i=1x^{2i}-1\overline{X_{i^{2+1_{\prod_{1}}}}}in-n\leq i<j\leq n(1-X_{i}X_{j})}\}$
$\# A_{n}=\mathrm{c}\mathrm{T}\{\frac{\Phi_{n}(x_{1},\cdots,x_{n})}{\prod_{i=1}^{n}x_{i^{\overline{X_{i^{n+i+}}}}}^{n}1_{\prod 1\leq i<j\leq n}(1-XiX_{j})(1-\overline{Xi}^{X}j)}\}$
. , $\overline{x_{i}}=1-x_{i}$ ,
$\Phi_{n}(x_{1}, \cdots,x_{n})$
$=(-1)^{n} \sum_{Bw\in W(n)}\mathrm{s}\mathrm{g}\mathrm{n}(w)w[\prod_{i=1}^{n}xi\overline{Xi}\prod(1-X_{i}\overline{Xj})n-i1\leq i<j\leq n(1-\overline{X_{i}x_{j}})]$
161
, $B_{n}$ Weyl $W(B_{n})=\mathfrak{S}_{n}\cdot(\mathbb{Z}_{2})^{n}$ $n$ ,
, $(\mathbb{Z}_{2})^{n}$ $x_{i}rightarrow 1-x_{i}$ . , CT
. [Z] , 2 –
. - , n-Magog triangle totally symmetric self-complementary plane
partition , G. Andrews [A] ,
$\neq B_{n}=\prod_{0k=}^{1}\frac{(3k+1)!}{(n+k)!}n-$
. Zeilberger , , 12 .
. 3
$\prod_{k=0}^{n-1}\frac{(3k+1)!}{(n+k)!}$
. $\vee$ , .
(1) $n$ alternating $\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}$ matrix
(2) $2n\cross 2n\cross 2n$ totally symmetric self-complementary plane
partition
(3) $n$ descending plane parition
\S 3. alternating sign matrix.
, 2 $D_{8}$ $H$ , $H$- alternating sign matrix
$A_{n}^{H}(2)= \sum_{A\in A_{n}H}2\#(S(A)/H)$
. ( $A_{n}^{H}$ $A_{n}^{H}(1)$ , .
, [R] .) $t$ , 90
$r$ , $D_{8}$ $t$ $r$ ,
$t^{2}=1$ , $r^{4}=1$ , $tr=r^{3}t$ .






(5) $H_{5}=\langle rt, r^{3}t\rangle$
(6) $H_{6}=\langle t, r^{2}t\rangle$
(7) $H_{7}=(r\rangle$
(8) $H_{8}=D_{8}$








$t_{n1}$ $t_{n2}$ ... ... $t_{nn}$
, monotone triangle .
(T1) $T$ .
(T2) $1\leq j<i\leq n-1$ , $t_{i+1,j}\leq t_{i,j}\leq t_{i+1,j1}+\cdot$
$\alpha=$ $(\alpha_{1}, \cdots, \alpha_{n})$ , $\alpha$ monotone triangle
$\mathcal{M}(\alpha)$ . Monotone triangle $T=(t_{ij})$ ,
$s(T)=\#\{(i,j):ti+1,j<t_{ij}<t_{i+1,j1}+\}$ ,
$x^{T}=xX_{2}s_{1}S12-S1$ ... $x_{n^{n^{-s_{n}}}}^{s}-1$
. , $s_{i}$ $i$ .
Alternating $\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}$ matrix $A$ , $B=(b_{ij})$ $b_{ij}= \sum_{k}^{i}=1a_{kj}$
. , alternating sign matrix , $B$ 0-1




/0 $0$ 1 $0\backslash$ 3
$B=$ , $T=1$ 1 $22$ 2 $33$ 4 4
.
3.2. $A\mapsto T$ $\mathcal{M}(1,2, \cdots, n)$ ,
$\neq S(A)=s(\tau)$ .
33. $n$ $\lambda=(\lambda_{1}, \cdots, \lambda_{n})$ ,
$\lambda nn-1\sum_{\tau\in\lambda 4(,\lambda+1,\cdots,\lambda_{1}+n-1)}2^{s}(\tau)X=\prod_{n}\tau 1\leq i<j\leq(x_{i}+x_{j})\cdot s_{\lambda}(X_{1}, \cdots,x_{n})$
.
, $s_{\lambda}$ $\lambda$ Schur .







, $H$- alternating sign matrix . alter-
nating sign matrix (A3’) , $n$ , H- alternating sign
matrix . , $n=2m+1$ . 31
$A\vdasharrow T$ $T$ $m$ monotone triangle $\overline{T}$
,
3.5. $Aarrow\overline{T}$ , $A_{2m+1}^{H}2$ $\mathcal{M}(2,4,6, \cdots, 2m)$ ,
$\#(S(A)/H_{2})=s(T)+m$ .
.
33 , $\lambda=(m+1,m, \cdots, 3,2)$ ,







$2^{m^{2}}$ $(n=2m+1i^{\grave{\grave{\mathrm{a}}}}\mathrm{t}1\Rightarrow\ovalbox{\tt\small REJECT} \mathrm{A}\text{ }\mathrm{g}\text{ })$
$0$ ( $n\phi^{\backslash ^{\backslash }}\backslash |\ovalbox{\tt\small REJECT}\Re$ $\mathrm{t}\mathrm{g}$ )
$H=\langle rt,r^{3}t\rangle$ ,
$A_{n}^{H_{5}}=\{A=(a_{i}j)\in A_{ni,+} : aj=a_{n}1-i,j=ai,n+1-j=a_{n+i,+}1-n1-j\}$.
, Jockusch-Propp antisymmetric monotone triangle 2-
.
3.7. Monotone triangle $T=(t_{ij})$
$t_{i,j}+t_{i},i-j+1=0$ $(1 \leq j\leq i\leq n)$
, antisymmetric .




$\alpha_{m})$ antisymmetric monotone triangle $\mathcal{E}(\alpha)$ ,
$(-\alpha_{m}, \cdots, -\alpha_{1},0, \alpha_{1}, \cdots, \alpha_{m})$ antisymmetric monotone triangle
$\mathcal{O}(\alpha)$ . , antisymmetric monotone triangle $T$ , $T$





$-4$ $-3$ 3 4
, $u(T)=3$ . 35 $A\mapsto\overline{T}$ , $T$ –
$m+1$ monotone triangle $\overline{T}$ .
164
3.8.








3.9. [JP] $\alpha=(\alpha_{1}, \cdots, \alpha_{k})$ ,
$\sum_{\tau\in\epsilon(\alpha)}2u(\tau)=2k^{2}\prod_{\leq 1\leq i<jk}\frac{\alpha_{j}-\alpha_{i}}{j-i}1\leq<j\leq k\prod_{i}\frac{\alpha_{i}+\alpha_{j}-1}{i+j-1}$




$2^{(\mathrm{s}k^{2}k)}+/2_{\prod 1\leq i<j\leq k\frac{2i+2j-3}{i+j-1}}$ ( $+$ )
$2^{(3k^{2}+}k+2)/2 \prod 1\leq i\leq j\leq k\frac{2i+2j-1}{i+j-1}$ ( $n=4k+3$ )
$0$ ( )
M. Ciucu , ( )
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